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Abstract 


We construct spherically and axially symmetric monopoles in SU(5) Yang- 
Mills-Higgs theory both in flat and curved space as well as spherical and axial 
non-abelian, “hairy” black holes. We find that in analogy to the SU(2) case, 
the flat space monopoles are either non-interacting (in the BPS limit) or re¬ 
pelling. In curved space, however, gravity is able to overcome the repulsion for 
suitable choices of the Higgs coupling constants and the gravitational coupling. 
In addition, we confirm that indeed all qualitative features of (gravitating) 
SU(2) monopoles are found as well in the SU(5) case. For the non-abelian 
black holes, we compare the behaviour of the solutions in the BPS limit with 
that for non-vanishing Higgs self-coupling constants. 
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I. INTRODUCTION 


Grand Unified Theories (GUTs) are believed to be valid for energies above 10^^ GeV 
(which corresponds to t after the Big Bang) and nnify all known interactions 

except for gravity. In a nnmber of spontaneous breakdowns of the symmetry of the GUT, 
the today present SU(3)c x SU(2)i x U(l)y symmetry of the universe is attained. For some 
time, it was believed that the GUT has a single gauge group, namely SU(5) [1], however, 
since this theory predicts a lifetime of the proton of about 10^® to 10^° years [2], while 
experimentally it was found to be roughly 10^^ years [3], it was soon dropped as a candidate 
for a GUT. 

The bosonic part of the Georgi-Glashow model with gauge group SU(2) is believed to be 
a good toy model for GUTs. It consists of a Higgs held in the adjoint representation of the 
gauge group and through the spontaneous symmetry breakdown of SU(2) to U(l) two of 
the three gauge bosons W± as well as the Higgs boson itself gain mass. The massless gauge 
boson is associated with the unbroken U(l) symmetry and identihed with the photon. 

In 1974, ’t Hooft and Polyakov [4] made the interesting observation that the bosonic 
part of the Georgi-Glashow model allows for soliton solutions, i.e. particle-like, hnite energy 
solutions, which due to their topological properties carry a non-trivial magnetic charge and 
have thus been named ’’magnetic monopoles”. 

Since the n = 1 solution was shown to be the unique spherically symmetric solution 
[5], construction of higher winding number solutions longed for an Ansatz with less sym¬ 
metry. After their existence has been proved [6], axially symmetric monopoles have been 
constructed [7]. These monopoles can be thought of as two monopoles superposed on each 
other at the origin with torus-like energy density. Since monopoles in the Bogomol’nyi- 
Prasad-Sommerheld (BPS) limit [5,8] are non-interacting [9,10], while for non-vanishing 
Higgs boson mass a Goulomb-like repulsive force acts between them [10], the mass per 
winding number of the n-multimonopole is equal to (resp. bigger than) n times the mass of 
the n = 1 monopole for vanishing (resp. non-vanishing) Higgs boson mass [11]. This leads 
to the conclusion that in flat space no bound multimonopoles are possible. However, the 
inclusion of gravity [12] and/or a dilaton [13] can render attraction if the Higgs boson mass 
is small enough. 

A lot of work has been done on the topic of embedding SU(2) monopoles into higher 
gauge groups [14-17]. The embedding into SU(5) has been constructed in [16] where through 
the introduction of an 24-dimensional Higgs held in the adjoint representation as well as a 
5-dimensional Higgs held in the fundamental representation the breakdown of SU(5) to 
SU(3)x U(l) is achieved. Because of the above arguments for SU(5) not being a good 
canditate for a GUT [18], scientists have lost interest in this model. 

Recently, however, it was shown [19] that the monopole spectrum produced in the break¬ 
down of SU(5) to (SU(3) X SU(2) x U(l))/ Ze corresponds to the spectrum of one family of 
fermions in the standard model (SM). Thus interest has grown again. An explicit analytical 
BPS solution was constructed in this model [20]. 

Here we construct axially symmetric SU(5) monopoles both in hat and curved space as 
well as the corresponding black hole solutions. We give the model and the Ansatz in section 
11. We discuss the hat space solutions in section HI, the gravitating solutions in section IV 
and the non-abelian black hole solutions in section V. We give our conclusions in section VI. 
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II. THE MODEL 


We consider an SU(5) Einstein-Yang-Mills-Higgs (EYMH) model with the following ac¬ 
tion: 

= y + £m} (1) 

where the matter Langragian £» is given by 

Cm = -^Tr(F^,F^'^) - Tr(D^$D^$) - V(<h) (2) 

with held strength tensor 

- ie[A^, A^] (3) 

and covariant derivative 

n^^ = d^-zelA^,^] (4) 

such that 

= = o=l,...24 (5) 

and the F fulhll the su(5) Lie-Algebra. G denotes Newton’s constant and e the gauge held 
coupling. 

The potential is given by [19,21]: 

Y($) = -AiTr(<l>2) + A2(Tr(4>2))2 + - V^mn (6) 

where we have substracted Vmin = —15A^/( 6 OA 2 -l- IdAs) from the potential in order to make 
V (<h) vanish (and thus have hnite energy solutions) when $ attains its vacuum expectation 
value ||<h||o = 77 = (V%'/v^60A7'+T4A3)diag(2, —3, 2, 2, —3). The vacuum expectation value 
(vev) leads to a spontaneous breakdown of SU(5) to (SU(3) x SU(2) x U(l))/ Zg, where 
Zg = Z 3 X Z 2 denotes the product of the center Z 3 of SU(3) and the center Z 2 of SU(2). Note 
that the solutions have an additional Z 2 symmetry because we have left out a possible cubic 
term in the potential. The reason for this is that the inclusion of a <l>^-term in the potential 
would not lead to an algebraically expressible vev. The vev would have to be computed 
numerically. 

12 of the 24 gauge fields gain mass while 12 of the Higgs helds become massive with 
8 helds obtaining the mass , 3 helds obtaining the mass Mh 2 and 1 held obtaining the 
mass Mh 3 denoting the (8,1), (3,1) and (1,1), respectively, representation of SU(3)xSU(2): 

Mw = ~ \/ 10A377 , Mh2 = ‘^Mhi , M/Zg = 2?7 a/30A2 + 7 A 3 . (7) 
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A. The Ansatz 


The Ansatz for the gauge and Higgs helds is chosen such that the SU(2) monopole is 
embedded in the SU(5) theory, where the embedding corresponds to 5 —1 © 2 © 3. 

The Ansatz for the gauge helds reads using the Ansatz for the SU(2) monopoles [7]: 

A^dx^ = {t^{Hidr + (1 — H^YdO — n(t'^Hs + — H 4 ))r sin 9d(p) ( 8 ) 

while for the in the adjoint representation of the SU(5) group given Higgs held it reads 

$ = 1 + $ 3 ^"+$ 4 ') • ( 9 ) 

The t”, t" and denote the vector product of the vector t^) of the three 5x5 matrices 

which fulhll the Lie-Algebra of SU(2): 


= diag((Ta, 0,0,0), a = 1, 2, 3 

with the unit vectors: 


( 10 ) 


e” = (sin 6 * cos sin 6 * sin cos 6 *) , 

= (cos 9 cos mp, cos 9 sin rnp, — sin 9) , 

= (—sinn^?, cosn^?, 0) , 

and and are given by diagonal, traceless matrices: 


= ^diag(0, 0,1,1, -2) , t^ = ^diag(-3, -3, 2, 2, 2) 


V3 


v/T5 


( 11 ) 


( 12 ) 


Since SU(5) has 4 diagonal generators, one could also think about inserting a term oc 
with = diag(0, 0,1, —1, 0). However, inserting this into the potential and looking for 
minima, it turns out that the trivial solution $5 = 0 is a vacuum solution. Thus, without 
loosing generality we set <h 5 to zero. Hi, H 2 , H^, H 4 as well as $ 1 , <h 2 $3 and <h 4 depend 
only on r and 9. 

For the metric, we use an Ansatz in isotropic coordinates: 


7 2 £/ I 2 I 2jn2\ I 2 ■ 2 Qj 2 /'I Q^ 

as = -/(r, 9)dr + [dH + Hd9^) + sm^ 9dp^ (13) 

f{r,9) f{r,9) 

Introduction of a rescaled radial coordinate x = erjr leads to a set of coupled partial diher- 
ential equations which depend only on the following parameters: 


a^VGv. = A = 


(14) 
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B. Boundary conditions 


The requirement of regularity at the origin for the (multi)monopoles leads to the following 
boundary conditions (bcs): 

drfir,0)\r=o = drl{r, e)\r=o = 0)|^=o (15a) 

<hi(r = 0,6^) = dr^i+2{r,9)\r=o = Hk{r = 0,9) = 0 , Hk+i{r = 0,9) = 1 ,i = 1,2 ,k = 1,3 

(15b) 

while for the non-abelian black holes, these are replaced by the boundary conditions at the 
regular horizon Vh. 


/(r = Vh, 9) =l{r = Th, 9) = m{r = Vh, 6*) = 0 (16a) 

dr^i{r,9)\r=rf^ = Hi{r = rh,9) = drHj{r,9)\r=rf^ = 0 , f = 1,2,3,4 , j = 2,3,4 (16b) 

These latter result from the regularity of the solutions at the horizon and a suitable gauge 
condition [12], 

In order to have asymptotically flat, hnite energy solutions the bcs at inhnity (r = cx)) 
read: 


/(r = 00,9) = m{r = oo,9) = l{r = oo,9) = 1 , (17a) 

Hi{r = 00,9) = = 00,9) = 0 , i = 1, 2, 3,4 , (17b) 

$i(r = oo, 0) = , 4>3(r = oo, 0) = ^ , <|> 4 (r = cx), 0) = 1 . (17c) 

To obtain the right symmetry of the solutions, we set on both the as well as on the p-axis 
(9o = 0 and 9o = n/2, respectively): 

def{,r,9)\e=eQ = dem\e=eQ = del\e=eQ = 0 (18a) 

Hi{r,9 = 9o) = ^2{.r,9 = 9q) = d0Hi+i{r,9)\0=eo = '90<hfc(r, 6')|e=eo = 0 , i = 1,3 , /c = 1,3,4 . 

(18b) 


III. FLAT SPACE SOLUTIONS 

Flat space is given when a = 0 and thus f = m = I = 1. 
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A. BPS solutions 


In the Prasad-Sommerfield limit of vanishing potential, i.e. (^2 = (^3 = 0, explicit BPS 
solutions in SU(5) have been constructed [20] for n = 1. They are given by: 


^i{r) = — 
er 


Cr 


tanh(C'r) 


a. ^ ^ 2 C ^ , 1 C 

^3(r) = -j=- , $4(r) = ^=- 

V3 e V15 e 


(19a) 


H2{r) = H^{r) 


Cr 

sinh(C'r) 


(19b) 


and all other matter functions identically zero. For C = 1, the ADM mass of this solution 
is given by = 47 rA For C 7 ^ 1, the mass scales like ruADM = To 

obtain the solution with the right bcs for our model, we have to choose C = \\J\- For 
n > 1 and/or P 2 7 ^ 0, /ds 7 ^ 0, the solutions have to be constructed numerically. In all our 
numerical studies however, the solution (19a), (19b) proved to be a good starting solution. 


B. Numerical results 


We were mainly interested in the effect of the potential. We thus hrst studied the 
behaviour of the Higgs held function $1 for different values of the coupling constants P 2 and 
P 3 . Our results for the n = 1 monopole are shown in Fig. 1. For (32 = (^3 = 0, <Fi is given 
(analytically) by (19a). For P 2 = 5, P 3 = 0, the function still seems to decay power-law like 
rather than exponentially, while for both (32 = 0, (33 = 5 and (32 = (33 = 5 the exponential 
decay is apparent. From (7), we see that for (33 = 0 only one of the Higgs helds is massive, 
while all others remain massless. This can also be seen by an asymptotic analysis for the 
case (33 = 0. We set 


+ T]^ , 7 = 1, 3,4 with = ( 


Vs 1, 


3 ’ 6 ' 


( 20 ) 


The linearised equations for the three Higgs held functions $ 1 , <F 3 and <F 4 read (with the 
prime denoting the derivative with respect to x): 


= x‘^M^sV5 with M^s = ‘2C^Cs ■ 


( 21 ) 


The matrix M^s has one eigenvector, C-y itself with eigenvalue 2 and two eigenvectors Cs^, 
Cs 2 , the ones orthogonal to Cy, with eigenvalues 0. The solution of the linearised equation 
is then given by: 


rjy = CyC + CiCs^jx -|- C 2 CS 2 IX , Cl, C 2 constant ( 22 ) 

Clearly at large x, the power-law decay dominates the behaviour of the Higgs held functions. 
In Fig. 2 we present the mass per winding number of the n = 1 monopole and the n = 2 

multimonopole in units of C = \\[\ for three diherent cases: a) (32 7 ^ 0, = 0, 
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b) /Ss 7 ^ 0, /92 = 0 and c) ^2 = Pz ^ Apparently, for all cases, the mo nopoles are in a 
repulsive phase, as expected. However, it seems that the mass depends only slightly on 132. 
In the case of /ds = 0, the potential can be written as a perfect square and thus resembles 
the potential of the SU(2) case. However, it should be noted that the present model is not 
an embedding in the sense that the vacuum expectation value has only two non-vanishing 
diagonal entries. We hnd the following values for the energy per winding number E/n for 
the n = 1 monopole and the n = 2 multimonopole for [32 (respectively [3^) oo\ 


Table 1 



n = 1 

n = 2 

[32 ^ 00 , [3z = 0 

1.076 

1.081 

0 

8 

T 

'5$ 

1.650 

2.112 

p2 = OO 

1.657 

2.135 


These can be compared to the ones computed in the SU(2) case, where the mass per winding 
number has been obtained for A —cx), where A is the Higgs self-coupling constant of the 
standard SU(2) Higgs potential V = It was found that E/n{\ oo) is equal 

to 1.787 for n = 1 and equal to 2.293 for n = 2 [22,11]. Comparing this, we see that the 
order of magnitude agrees with our results. 


IV. GRAVITATING SOLUTIONS 


A. Spherically symmetric solutions 


In the case of spherical symmetry [n = 1), the gauge field functions Hi, and the Higgs 
field function $2 are identically zero. In addition m = I, H 2 = H 4 ^ and all functions depend 
only on x. We here give the explicit form of the equations to demonstrate the changes in 
comparison to the SU(2) case. For the axially symmetric case, these changes are analog. 
The equations for the remaining functions read (renaming H 2 = 7^4 = K and the prime 
denoting the derivative with respect to x)\ 


f" , 0 / , 1/'^' iff ^ ^ , o / 


+ 22^ + 


= 2a^ -U($1, $ 3 , $ 4 ) + - 1)" + 2-V(iF (23) 


f ' fx ' 2 fl p \f ' Ix^^ ' Ix^ 


1^" 3/' Ipf 2fKr,^ ^ K‘^^1 


with 


2 I 2lx 4/2 




/ 


/a;2 


x^ 


/ 7 ($i, $3, $4) = + + 

I ^ - s - 


(24) 


( 25 ) 


^In the following, we denote all fields, constants etc. of the SU(2) case with a tilde. 
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for the metric functions / and I and 


/ 


K = 


Vi 


K 


- 1 ^2 ^ 

-h $7 — 

'/ 


(26) 


X' 




/3/2a;2<f>i 


Pi ($2 + $2 ^ $2 _ ^ ^2 ^ 


27^2 7 

30 ^ 30 


+ 2irMd>i (27) 


ar 


= 


/3/2a;2$3 

“r“ 


/32 ($2 + $2 ^ $ 


'd>2 9 1 7 

^ ' 2 5 ^ Vs 30 


(28) 


ar 


^Visli = 


^3/2^2^ 


/ 


[/3| ($? + $2 + $2 _ 


+ /33^ 


$3 


3^5$^ 


+ —$? + -<ho + —($4 - 1) 

10 ^ 5 30^ ^ ^ 


(29) 


for the gauge held function K and the three Higgs held functions $j, i = 1,3,4. In the 
case of gravitating solutions, i.e. a > 0 , the solutions in the limit oi P 2 = Pz = ^ have 
constant functions $3 and $ 4 . We thus obtain for the mass exactly that obtained for the 

SU(2) monopoles [24] when we express it in units of \\J\- Note, though, that in order to 


be able to compare the results obtained, we have to rescale a f y §• 

In order to demonstrate the inhuence of the Higgs coupling constants P 2 , Ps, we show in 
Fig.s 3a and 3b the value of the Higgs held function <I >3 and $ 4 , respectively, at the origin in 
dependence on the parameters P 2 , Pz for a = 1. For comparison, the corresponding values 
in hat space {a = 0) are also shown. Since in the BPS limit {P 2 = Ps = 0), the functions <F 3 
and $4 are constant, all curves meet at ^ for $3 and | for $ 4 , respectively, in this limit. 
Again, it is apparent from these two hgures that the parameter P 2 does not have a large 
inhuence. The functions $3 and $4 become monotonically decreasing functions of x for the 
choices of P 2 , Pz shown in Fig.s 3a, 3b starting at the value shown with zero derivative and 
decreasing to their asymptotic values. The inclusion of gravity leads to an increase of $4 at 
a; = 0 , while the value $ 3 ( 0 ; = 0 ) seems to depend only slightly on the parameter a. 

In order to be able to study further details of the n = 1 solutions and be able to compare 
them with the SU(2) case, we have adopted the Schwarzschild-like ansatz for the metric 
used in [24,25] rather than the isotropic ansatz (13): 


ds = —A {rs)N{rs)dt + N (rs)dri + ri{d6 + sin 6d(p ) . 


(30) 


The isotropic coordinate r is relate to the Schwarzschild-coordinate r* through the following 
transformation [23]: 


dr 

dr. 




( 31 ) 


and thus can - for generic cases - only be obtained numerically. 



In the SU(2) case, it was observed that the gravitating monopole solutions exist only 
up to a maximal value of the gravitational coupling a, Umax [24]. Umax is a decreasing 
function of the Higgs self-coupling constant starting from amax = 1-403 in the BPS limit. 
For bigger a, the Schwarzschild radius becomes larger than the radius of the monopole 
core. Consequently, an extremal horizon Xh^ forms with N{xhs) = dxN\x=xf^^ = 0 and in 
the limit a —> amax the solutions bifurcate with the branch of extremal Reissner-Nordstrom 
solutions. The solutions outside the horizon Xh, are described by this solutions, while in the 
interval 0 < 5; < x^^ they are non-trivial and non-singular. For small Higgs self-coupling a 
second branch of solutions was found extending backwards from amax to dcr < dmax with 
dcr = 1.386 in the BPS limit. The solutions then reach their limiting solution for d dcr- 
For intermediate Higgs masses, a new phenomenon was observed [25]. A second, inner 
minimum appears that drops down much quicker to zero than the outer one. The limiting 
solution thus represents a non-abelian black hole. In the table below, we give amax, ctcr for 

/52 = 0 in units of \\J\ in order to be able to compare it with the SU(2) results. We also 
give the value of the outer minimum at the appearance of the second, inner minimum, 
if this phenomenon is observed. 


Table 2 


Pz 

2 \fz ' ‘^rnax 

2 V 3 

N° • 

mm 

0 

1.403 

1.386 

— 

0.2 

1.370 

1.366 

— 

0.3 

1.350 

1.348 

— 

0.5 

1.308 

1.308 

— 

1 

1.223 

1.223 

— 

2 

1.117 

1.117 

— 

3 

1.050 

1.050 

— 

4 

1.007 

1.007 

— 

5 

0.974 

0.974 

— 

7 

0.926 

0.926 

— 

10 

0.884 

0.884 

— 

15 

0.534 

0.534 

0.24- 10-y 

16 

0.851 

0.851 

0.49 ■ 10“^ 

17 

0.845 

0.845 

0.94- 10-® 

20 

0.829 

0.829 

0.37-10-4 

50 

0.769 

0.769 

0.80-10-^ 

100 

0.746 

0.746 

0.21 ■ 10-4 


Clearly, the phenomenon observed for intermediate Higgs masses in the SU(2) model [25] is 
observed here for j3^ > 15, while a second branch of solutions exists only for j3^ < 0.3. For 
all other {3^ we hud that amax = ctcr- 

Analogous to the SU(2) case, the gravitating monopoles bifurcate with the branch of 
extremal Reissner-Nordstrom (RN) solutions in the limit a amax (resp. a —> ttcr)- The 
approach to criticality is shown for the two Higgs helds <F3, $4 in Fig.s 4a, 4b. for P 2 = 0, 
/ds = 0.3. <F3 and $4 are shown as functions of the dimensionless Schwarzschild-coordinate 
Xg = erjTg for four different values of the gravitational coupling a. Clearly, the limiting 
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solution is not yet reached for amax, but rather for acr < Oimax, the numerical values of 
which are given in Table 2. An extremal horizon Xh,, forms and $3 as well as $4 are constant 
and equal to their asymptotic values for Xg > Xh^, while they are non-trivial for a; e [0 : Xh,]. 
This is very similar to what was observed previously in the SU(2) case for the remaining 
matter held functions. Striking is that the two functions look qualitatively very similar in 
their approach to criticality. 

Looking at the results of hat space, we expect that a similar pattern exists for the case 
of P 2 = Ps 7 ^ 0) while for P 2 7 ^ Ps = 0, we hnd that amax depends only very little on P 2 . 


B. Axially symmetric solutions 

While in hat space SU(2) monopoles as well as SU(5) monopoles - as was demonstrated 
by us in this paper - are either repelling or non-interacting (in the BPS limit), it was shown 
in the SU(2) case [12] that gravity is able to overcome the repulsion for sufficiently small 
Higgs boson masses. We thus limit our analysis of axially symmetric SU(5) monopoles to 
this important point. We hnd that for a hxed a the values of P^^, P^^ for which the mass of 
the n = 1 monopole is equal to the mass per winding number of the n = 2 multimonopole 
roughly forms a half-circle in the /32-/53-plane. E.g. we hnd for a = 1.4, that for P^ = 0 the 
value of PP^ ^ 0.045, while for P 2 = 0 we have P^'^ ^ 0.043 and for PP^ = P^’^ ^ 0.03. This 
suggests that 

a/ Pl‘^{oi) -\- P^‘^{oi) ~ Cl (a) , with Ci constant . (32) 

We hnd that Ci is an increasing function of a, e.g. we hnd that Ci(q; = 1.6) ~ 0.056 and 
Ci(q; = 1.8) ~ 0.2. This latter value of Ci for a = 1.8 suggests in comparison with the 
other two that Ci is in fact a strongly increasing function of a. This is indeed what was 
also found in the SU(2) case [12]. Moreover, the order of magnitude of P^'^, P^'^ agrees with 
what was found in the SU(2) case. This thus suggests that also in the SU(5) case, bound 
multimonopoles only exist for sufficiently small values of the Higgs self-coupling constants. 


V. NON-ABELIAN BLACK HOLES 


For the numerical construction of non-abelian black holes, we followed [23] and introduced 
new metric functions /2, I 2 and m 2 


/2 


f , I m 

0 ) ^2 n ) m2 ^ , 


(33) 


where z = 1 — — is the compactihed coordinate that maps the inhnite interval [x/j : cx)[ to 
the hnite interval [0 : 1]. The new boundary conditions at the horizon Xh now read [23]: 


X <9/2 

72 - 7^ 

oz 


=n = 0 


1 2=0 


m 2 + 


dm 2 

dz 


=n = 0 


1 2=0 


^ dz 


=n = 0 


1 2=0 


(34) 


The isotropic horizon Xh is not a physical quantity. We thus determine for every solution 
obtained the parameter xa given by: 
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Xa = 


(35) 



A 


27r 


d9 sin 9x1 


^/kjx = Xh, 9)m2{x = Xh, 9) 
h{x = Xh, 9) 


A is the area of the horizon and directly related to the entropy S of the black hole: S = j. 
Note that the Schwarzschild-like horizon is exactly dehnd to be the radius of the horizon 
with area A. 


A. Spherically symmetric solutions 

Spherically symmetric black hole solutions can be constructed for n = 1. Similarly as in 
the case of regular solutions they have m 2 = I 2 , H 2 = H^, Hi=H ^=^2 = 0 and all remaining 
functions depend only on x. In fact the non-abelian black hole solutions can equally well be 
constructed using the Ansatz of the Schwarschild-like metric. The boundary conditions are 
then directly imposed at a; = Xh^ = xa- 

We hud that the domain of existence of the spherically symmetric non-abelian black holes 
in the a-^A-plane is of similar shape than the domain of existence in the SU(2) [24] and in the 
SU(3) [26] case, respectively. Fixing a and increasing xa, the non-abelian solutions exist for 
Xa < Xa^* and at xa = x% bifurcate with the branch of non-extremal Reissner-Nordstrom 
(RN) solution for small a and with the branch of extremal Reissner-Nordstrom (RN) solution 

for large «, respectively. In this paper, we put emphasis on the case a-C = 0.5, C = for 

which the solutions bifurcate with the branch of non-extremal RN solutions. For /32 = /^s = 0 
the bifurcation occurs on a second branch of solutions which exists for < a;A < 
i.e. that in this interval two different black hole solutions can be constructed. For ^^2 = /^s 
sufficiently large only one branch of solutions exists and x^^ = This is demonstrated 
in Fig. 5 for n = 1 and P 2 = Ps = 0, resp. P 2 = Pi = 1- We show the energy E{1) of 
the non-abelian solutions and that of the corresponding RN solutions. The occurence of a 
second branch of solutions for P 2 = Pi = 0 is apparent from this hgure with Xa^* ~ 1.064 
and Xa ~ 0.936. For P 2 = Pi = 1 only one branch of solutions exists and we hnd that 

^ ^cr _ 0.9676. 

A good indication for the bifurcation with the branch of non-extremal RN solutions is 
the fact that in the limit xa —> a^A values of the matter helds at the horizon tend to 
their asymptotic values. Since these functions are monotonic functions of x, they obviously 
become constant on the whole interval [xa : cx3[ in the critical limit. We demonstrate this in 
Fig. 6 for H 2 {xa) and <Fa(a^A), a = 1,3,4. The value of the gauge function at the horizon, 
H2{xa), tends to zero, while the values of the three Higgs held function at the horizon, 
‘ha(a^A), approach their respective asymptotic values (see (17c)). 


B. Axially symmetric solutions 

In the SU(2) case, it was found [23] that the critical values of the horizon parameter 
Xa increase with increasing n. However, it was also shown that the qualitative shape of 
the domain of existence doesn’t change. We observe the same for the SU(5) case. This is 
demonstrated in Fig. 5, where we shown together with the energy of the n = 1 solutions 
the energy E{2) of the axially symmetric black hole solutions for two different values of 
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(32 = /Ss- Clearly, the solutions exist for higher values of xa- We hud for /32 = /ds = 0 that 
^max ^ 2.158 and ~ 1.667, while for (^2 = (3^ = 1, we have 1.691. Indeed, 

this hgure demonstrates again the occurence of a second branch of solutions for ^2 = {3^ = 0, 
while for j 32 = j3z = ^ only one branch of non-abelian black hole solutions exists. 

As an indication of the deformation of the horizon, which is dehned to be the surface of 
constant Xh, we have computed the circumference of the horizon along the equator Lg 

^ ^ I _ / l{x = xh,0 = 7r/2) 

U=.„0=./2- 27iXh^ = xh,9 = tt/2) 

and the circumference of the horizon along the poles Lp. 

Lp = 2 r de^g \x=x„^=const= 2Xh 36 J ^ . (37) 

Jo Jo V = 

It is apparent that the ratio LejLp is equal to one for the spherically symmetric solutions 
since I = m for n = 1 and the angle dependence disappears. For the axially symmetric 
solutions, however, the ratio deviades from one. This is demonstrated in Fig. 7, where 
we show Le/Lp as function of xa for the n = 2 non-abelian black hole with a ■ C = 0.5, 

C = \\l\- The case (32 = (3^ is the analog of what was studied in the SU(2) case for A = 0. 
The ratio reaches a minimum at a value of a ;a close to the maximal a; a, then on the second 
branch of solutions reaches a maximal value which is bigger than one and then drops down to 
one at x/^ = x'^^. For non-vanishing Higgs coupling constants (we have chosen ^2 = ^3 = ^), 
the apparent effect is the decrease of the minimal and the increase of the maximal value of 
Lg/Lp. Thus the inclusion of the Higgs potential increases the deformation of the regular 
horizon of the non-abelian black holes. The qualitative feature changes in the sense that 
now no second branch of solutions exists and thus the local extrema of the curve are reached 
for xa < Moreover, we observe a sharp drop of the ratio from its maximal value to the 
value one at x^ = Fig. 7 leads us further to the conclusion that the observation of 
two local extrema (a minimum and a maximum) for the ratio Lp seems a generic feature 
for all Higgs coupling constants as long as the critical solutions into which the non-abelian 
black holes merge at xa = are non-extremal Reissner-Nordstrom solutions. 

VI. SUMMARY AND CONCLUSIONS 

Since it is believed that monopoles have formed in the early universe through the 
spontaneous symmetry breakdown of a Grand Unihed Theory (GUT) down to a gauge 
group containing a U(l) subgroup, the study of monopoles arising in SU(5) Yang-Mills- 
Higgs theory which (through an appropriate potential) is spontaneously broken down to 
SU{3) X SU{2) X U(l) seems of importance. 

We have thus studied spherically as well as axially symmetric solutions in SU(5) Yang- 
Mills-Higgs theory both in flat and curved space. Goncerning the globally regular solutions, 
we hnd that in flat space very similar to the corresponding solutions in SU(2) Yang-Mills- 
Higgs theory, the monopoles are either non-interacting or repelling. Moreover, we hnd that 
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the order of magnitude of the mass in the limit of the Higgs self-coupling constants going 
to inhnity agrees with the SU(2) results. Minimal coupling of gravity to the system leads 
in principle to two different types of non-abelian solutions: a) globally regular, gravitating 
monopoles and b) non-abelian black holes. We hnd that the qualitative features like the 
appearance of a second branch of solutions for small Higgs self-coupling constants or the 
appearance of a new phenomenon for intermediate values of the Higgs self-coupling constants 
are also found in this system. Since these phenomena have also been observed for spherically 
symmetric solutions in SU(3) Einstein-Yang-Mills-Higgs theory (EYMH) [26], it is likely that 
what was observed in SU(2) seems to be a generic feature of SU(N) EYMH theory with the 
Higgs held in the adjoint representation. 

We also studied spherically and axially symmetric non-abelian black holes solutions. The 
corresponding solutions for the SU(2) gauge group were studied in great detail in [23] for 
vanishing Higgs coupling constant (BPS limit). It seems, however, that the “physically” 
relevant solutions related to SU(5) have to be constructed for non-vanishing values of the 
Higgs self-coupling constants P 2 , Ps- That’s why we have put emphasis on the inhuence of a 
non-trivial Higgs potential on the solutions. Of course, the problem is numerically involved 
since the equations have to be solved for four continuous parameters: P 2 , Ps, a and Xh- In 
addition there is a discrete parameter, namely the winding number n. Nevertheless, we have 
tried to determine the main features of the influence of the potential on the solutions. We 
hnd that: (i) the parameters P 2 and P^ effect in a non negligible way the domain of existence 
in the a-XA-plane, (ii) for P 2 , Ps large enough, the solutions bifurcate into a non-extremal 
Reissner-Nordstrom solution on the hrst branch of solutions without a backbending in the 
parameter xa, (ih) the deformation of the horizon of the axially symmetric black hole solu¬ 
tions increases for P 2 , P 3 7^ 0, (iv) the surface gravity - at least for small values of P 2 ) Pz - 
depends only weakly on P 2 , P 3 . 
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FIG. 3a. The value of the Higgs field function <h 3 (x) at the origin, ‘h 3 (x = 0), is shown for the 
: 1 monopole as function of P 2 {(^ 3 , respectively) for a = 0 and a = 1, respectively. 



FIG. 3b. The value of the Higgs field function <h 4 (x) at the origin, = 0), is shown for the 
: 1 monopole as function of (32 Ws, respectively) for a = 0 and a = 1, respectively. 
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FIG. 4a. The Higgs field function <h 3 (x 5 ) is shown for the n = 1 monopole as function of the 
dimensionless Schwarzschild coordinate Xg = eriVg for (32 = 0, = 0.3 for four different values of 

a (with C = \\j\) including a = acr- 
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FIG. 4b. Same as Fig. 4a but for the Higgs field function <I> 4 (xs). 










he energy E{n) in units of C = is shown for the n = 1 and tf 

lack hole as function of xa for two values of P 2 = P 3 and a-C = 0.5. For com 
;y of the corresponding Reissner-Nordstrom (RN) solution is shown. 






FIG. 6. The values of the gauge field 
and <I >4 at the horizon xa of the spherical 
function of xa for the a - C = 0.5, C = \ 
















